Abstract. We define the weight θ-sheaf R X,θ and reinterpret Morse-Novikov cohomology via sheaf theory. We establish a theorem of Leray-Hirsch type for Morse-Novikov cohomology. Eventually, using them, we prove two blow-up formulas and give the isomorphisms explicitly on (possibly noncompact) complex manifolds.
Introduction
For a n-dimensional smooth manifold X, let A p (X) be the space of smooth p-forms and θ a closed 1-form on X. Define d θ :
is a complex. Denote its cohomolgy by H * θ (X), which is called Morse-Novikov cohomology ( [17, 19, 25] ), Lichnerowicz cohomology ( [3, 15] ), adapted cohomology ( [8, 22] ), or d θ -cohomology ( [1, 2, 13] ). In this article, we call it Morse-Novikov cohomology. Similarly, the complex (A In this article, we proved a theorem of Leray-Hirsch type on Morse-Novikov cohomology, which can be used to compute the cohomology of projectivization bundle P(E), seeing Lemma 4.4. Theorem 1.1. Let π : E → X be a smooth fiber bundle over a smooth manifold X and let θ, Ω be closed 1-forms on X, E respectively. Setθ = π * θ. (1) Assume there exist classes e 1 , . . . , e r of pure degrees in H (E).
By Theorem 1.1, we can get the following lemma, which plays a key role in writing out the blow-up formulas explicitly. In [25] , Yang, X. D. and Zhao, G. S. proved a blow-up formula of Morse-Novikov cohomology for compact l.c.K. manifolds with some restriction on closed 1-forms θ, where they do not give the isomorphism. We generalize their theorem on general complex manifolds and closed 1-forms, and moreover, give the isomorphisms explicitly by Theorem 1.1 and Lemma 1.2.
Let π : X Y → X is the blow-up of a connected complex manifold X along a connected complex submaifold Y and θ a closed 1-form on X. We know π| E : E = π −1 (Y ) → Y is the projectivization E = P(N Y /X ) of the normal bundle N Y /X . Let h = c 1 (O E (−1)) ∈ H 2 dR (E) be the first Chern class of the universal line bundle O E (−1) on E.
Main Theorem 1.3. Assume X, Y , π, X Y , E, h are defined as above. Let i E : E → X Y be the inclusion,θ = π * θ and r = codim C Y . Then, for any k, Lemma 2.2. Let X be a connected smooth manifold and θ a closed 1-form on X.
(1) R X,θ is a constant sheaf if and only if θ is exact. More precisely, if θ = du for u ∈ A 0 (X), then h → e u · h gives an isomorphism R X,θ→ R X of sheaves. (2) If µ is a closed 1-form on X, then R X,θ ⊗ R X R X,µ = R X,θ+µ . (3) Suppose f : Y → X is a smooth map between smooth manifolds. Then inverse image sheaf
By [13] , Example 1.6, θ is exact. Inversely, if θ = du, R X,θ = Re −u , which implies the conclusion. (2) Locally, θ = du and µ = dv. Then, R X,θ = Re −u , R X,µ = Re −v and R X,θ+µ = Re −u−v , locally. So, the product of functions gives an isomorphism
So the pull backs of functions 
• satisfies that the left square is commutative and the right triangle is commutative up to a homotopy. Through the cohomology of sections Γ c (X, ·) of complexes of sheaves, we get the proposition immediately.
We will frequently use the following proposition in sheaf theory. 
2.3. Cup product. Let X be a smooth manifold and θ, µ closed 1-forms on X. The wedge product α ∧ β defines a cup product
Similarly, we can define cup products between H p θ (X) or H p θ,c (X) and H q µ (X) or H q µ,c (X). By [5] , p. 63, 8.1, via ρ, the cup products are compatible with them on cohomology of sheaves.
By [7] , Cor. 3.3.12, we get Poincaré duality for Morse-Novikov cohomology immediately.
Corollary 2.7 ([13], Corollary 1.4). Let X be an oriented smooth manifold of dimension n and θ a closed 1-form on X. Then, for any p,
Proposition 2.8 (Lefschetz' hyperplane theorem). Let X be a n-dimensional nonsingular complex projective variety and Y a smooth hyperplane section of X. Assume θ is a closed 1-form on X and i : Y → X is the inclusion. Then
is isomorphic for p ≥ n and surjective for p = n − 1.
Proof. X − Y is a nonsingular complex affine variety with dimension n, hence a Stein manifold. By [7] , Theorem 2.5.11,
It is called cartesian product. Similarly, we can define cartesian product between H 
Consider the trivial bundle π : R n × F → R n on R n , where F is a smooth manifold. Suppose Θ is a closed 1-form on R n × F . Let pr 2 : R n × F → F be the second projection and i :
, which gives a smooth homotopy between id R n ×F and i • pr 2 . If t is the coordinate of the first component of R × R n × F , define the contraction operator i(∂/∂t) :
for any Υ ∈ A p (R × R n × F ) and smooth vector fields X 1 , ...,
for any α ∈ A * (R n × F ). The formulas (2) and (4) were proved in [13] , Lemma 1.1.
Proof. Let u s be defined as above. By formula (2),
Hence, we get the lemma.
Let X be a n-dimensional smooth manifold.
For a sheaf F and a covering U = {U α } α∈I of X, denote C p (U, F ) the group ofČech p-cochains and δ the differentials of the complex C
• (U, F ). 
has finite dimension, the cartesian product also gives an isomorphism of graded vector spaces
Proof. By [5] , II, 15.2, we get the first part.
Moreover, we assume H * µ (Y ) has finite dimension. Suppose dimX = n and U = {U α } is a good covering of X. Define two double complexes
and
Choose a system of forms
which gives a morphism of double complexes. θ is exact on U α0,...
..,αp ) is R for r = 0 and zero otherwise. We get
where the isomorphism uses the finiteness of dimension of H * µ (Y ), and
where the isomorphism uses the fact that pr * 1 θ is exact on U α0,...,αp × Y and Lemma 2.2. For every p, q, the morphism H
which is an isomorphism by Lemma 3.1. Hence, for any p, f induces an isomorphism 
are soft sheaf for all r, by Leray Theorem, we have
, which are called betti number and Euler-characteristic of Morse-Novikov cohomology. Similarly, we can define b c,p (X, θ) and χ c (X, θ) for Morse-Novikov cohomology with compact support. Let X be a compact oriented smooth manifold and f : X → X a smooth map. Assume θ is a closed 1-form on X satisfying f
where tr(f
, where α i , β j all have pure degrees. Suppose pr 1 , pr 2 are two projections from X × X onto X. Let ∆ be the diagonal of X × X and Γ f the graph of f in X × X. Let i : ∆ → X × X and i ′ : Γ f → X × X be inclusions and let l : X → ∆ be the diagonal map and l ′ : X → Γ f defined as x → (x, f (x)). We equip ∆ and Γ f with suitable orientations such that l and l ′ are diffeomorphisms of preserving orientations. By Theorem 3.2, the fundamental
On the other hand,
Hence L(f, θ) is independent of θ. Before considering another version of Künneth formula, we give a lemma, which is used in follows frequently. Lemma 3.5. Denote P(X) a statement on a smooth manifold X. Assume P satisfies properties:
For open subsets U , V of a smooth manifold, if P(U ), P(V ) and P(U ∩ V ) hold, then P(U ∪ V ) holds. Then P(X) holds for any smooth manifold X.
For a n-dimensional smooth manifold X, let U be a good covering of X which is a basis of topology of X and U f the collection of open sets which is the finite union of open sets in U.
For any finite intersection V of open sets in Let π : E → X be a smooth fiber bundle on a smooth manifold X. Set cv = {Z ⊆ E| Z is closed in E and π| Z : Z → X is proper}, where Z ∈ cv is called a compact vertical support. Evidently, Z ∈ cv, if and only if, π −1 (K) ∩ Z is compact for any compact subset K ⊆ X. By [5] , IV, 5.3 (b) and 5.5, cv is a paracompactifying family of supports on E. The sheaf C ∞ E of germs of smooth functions on E is cv-soft ( [5] , II, 9.4), so is A p E for any p ( [5] , II, 9.16). By [5] , II, 9.11, A p E is cv-acyclic.
• be an injective resolution of the complex of sheaves in the category of sheaves on X. By [5] , II, 4.1, it induces an isomorphism
Moreover, assume X and E are both oriented manifolds. Let i : X → E be the inclusion.
cv (E). So i * induce a morphism i * : H * Θ|X (X) → H * +r Θ,cv (E), where r = rankE. Lemma 3.6. Let X be a smooth manifold and let θ, µ be closed 1-forms on X, R n respectively. Set ω = pr * 1 θ + pr * 2 µ, where pr 1 , pr 2 are projections from X × R n onto X, R n respectively. The cartesian product gives an isomorphism of graded vector spaces
where pr 1 : X × R n → X is viewed as a smooth fiber bundle.
Proof. Since µ is an exact form, we only need prove the case µ = 0. If X = R n , θ is exact. Let φ be the generator of H n c (R n ). Then pr * 2 φ be the Thom class of the vector bundle X × R n over X. By [4] , Theorem 6.17 and 6.17.1, the lemma holds. If X = α X α is a disjoint union of smooth manifolds and the lemma holds for all X α . The cartesian product is exactly the direct product
which is an isomorphism. For open subsets U and V in X, we have a commutative diagram of long exact sequences
So, if the lemma holds for U , V and U ∩ V , it also holds for U ∪ V by the five lemma. By Lemma 3.5, this lemma holds for X.
Let pr 1 : X × Y → X be a trivial smooth fiber bundle and Θ a closed 1-form on X × Y . If U and V are open subsets in Y such that Y = U ∪V , there is an exact sequence of complexes
where all the differentials are d Θ , P (α) = (α, −α), Q(β, γ) = β + γ and everything is extended by zero. It can be proved as the exact sequence of complexes A Proof. By Lemma 3.6, the theorem holds for Y = R n . If Y = α Y α is a disjoint union of smooth manifolds and the theorem holds for all Y α . The cartesian product is the direct sum
which is an isomorphism.
For open subsets U and V in Y , we have a commutative diagram of long exact sequences
So, if the theorem holds for U , V and U ∩ V , it also holds for U ∪ V by the five lemma. By Lemma 3.5, we get the theorem.
3.2.
A theorem of Leray-Hirsch type.
Lemma 3.8. Let F be a smooth manifold and
Proof. Let pr 23 : R × R n × F → R n × F be the projection map and
Choose a closed ball B ⊇ L with finite volume, which contains original point as its center. Then
Clearly, h×id F is proper and (B ×F )∩suppα is compact, so π −1 (L)∩suppK(α) is compact. We complete the proof.
Theorem 3.9. Let π : E → X be a smooth fiber bundle over a smooth manifold X and let θ, Ω be closed 1-forms on X, E respectively. Setθ = π * θ. 
(3) Assume there exist classes e 1 , . . . , e r of pure degrees in H * Ω,c (E), such that, for every x ∈ X, their restrictions e 1 | Ex , . . . , e r | Ex freely generate H *
.
be a system of forms of pure degrees in A * (E), such that e i = [
Assume X = R n , E = R n × F and π = pr 1 , where F is a smooth manifold. Let i 0 : F → R n × F map v to (0, v). By formulas (2) and (4), we can choose a smooth function u on E such that pr *
which implies (1) for the trivial case by Künneth formual I. Assume X = α X α is a disjoint union of smooth manifolds and (1) holds for all X α . So
Hence it is an isomorphism. Put L * = span R {β 1 , ..., β r }, which is a graded vector space. Obviously, L * ∼ = span R {e 1 , ..., e r } and
Now, we prove the second part of (2). First, there is a commutative diagram
which implies the second part of (2) for the trivial case by Theorem 3.7. Similarly with (1), we can get the second part of (2) (3) by (2) .
Suppose π : E → X is an oriented smooth vector bundle of rank r on a (unnecessarily orientable) smooth manifold X and ω ∈ A p cv (E). For a chart U on X satisfying E| U is trivial, let (x 1 , ..., x n ; t 1 , ..., t r ) be the local coordinates of E such that dt 1 ∧ ... ∧ dt r gives the orientation of E.
For various charts of X, these forms give a global smooth form on X, denoted by π * ω.
Remark 3.10. π * ω defined here coincides with that in [4] (cf. p. 61), up to a sign (−1) r(p−r) . Moreover, if X is oriented, π * ω defined here is exactly the push out of ω as currents (cf. [6] , p. 18, 2.16).
By Thom isomorphism theorem, π * :
Corollary 3.11 (Thom Isomorphism). Let π : E → X be an oriented smooth vector bundle of rank r on a smooth manifold X. Assume θ is a closed 1-form on X. Then, Φ ∧ π * (•) gives isomorphisms
which have the inverse isomorphism π * . Moreover, if X is oriented, they coincide with the push out i * .
Proof. By [4] , Prop. 6.18, the restriction [Φ]| Ex is a generator of H * dR,c (E x ). By Theorem 3.9 (2), Φ ∧ π * (•) gives isomorphisms. For α ∈ A * (X), π * (Φ ∧ π * α) = α, so π * is their inverse isomorphisms.
Bimeromorphic formulas
Let X be a complex manifold,
For a complex closed 1-form θ, we can define d θ , H * θ (X) and C X,θ as them in the real case. All the conclusions in this article also hold for the complex case. In follows, we still consider the real closed 1-form θ and still call it closed 1-form.
4.1. Two blow-up formulas. Yang and Zhao [25] proved a formula of blow-up for the compact locally conformal Kähler manifold with θ| Y = 0, which generalized Voisin's result on compact Kähler manifolds, seeing [23] . We will establish two formulas of blow-up for Morse-Novikov cohomology on general complex manifolds. Especially, we write out the isomorphisms explicitly. Proof. Assume n = dimX. Let π : E → X be the projection and i : X → E the inclusion of zero section. Since i • π and id E are smooth homotopic, π * i * = 1 on H n dR (E). Then, for any closed form β ∈ A n c (E), β = π * i * β + dγ for some γ ∈ A n−1 (E). Φ ∧ β and Φ ∧ π * i * β have compact supports, so does Φ ∧ dγ = (−1) r d(Φ ∧ γ). Let {U λ } be a locally finite open covering of X such that every U λ is compact and {ρ λ } a partition of unity subordinate to {U λ }. Then λ π * ρ λ = π * ( λ ρ λ ) = 1. Since π * ρ λ · Φ ∧ γ has compact support, by Stokes' theorem, E d(π * ρ λ · Φ ∧ γ) = 0. So
Therefore,
Let j : U → X be the inclusion of an open subset U into a n-dimensional oriented smooth manifold X. For a current T ∈ D ′ p (X), the current j * T is defined as j * T, β = T, j * β for any β ∈ A n−p c (U ). Let θ be a closed 1-form on X. Clearly, d θ|U (j
, which is compatible with the pull back j * of Morse-Novikov cohomology, since U j * α ∧ β = X α ∧ j * β for α ∈ A p (X) and β ∈ A n−p c (U ). 
